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Abstract
In this paper, we present some common fixed point theorems for
class of mappings satisfying contractive condition of integral type in
n-Banach spaces. Our results are version of some known results.

1. Introduction

In [8, 9], Géhler introduced an attractive theory of 2-norm and n-norm on
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a linear space. Freese and Cho [7] gave as a survey of the latest results on the
relations between linear 2-normed spaces and normed linear spaces and
completion of linear 2-normed spaces. Later on Misiak [18] had also
developed the notion of an n-norm in 1989. The concept on n-inner product
spaces is also due to Misiak who had studied the same as early as 1980:
spaces. A systematic development of linear n-normed spaces has been
extensively made by Kim and Cho [15] and Malceski [17], Misiak [18] and
Ganawan and Mashadi [13]. For related works of #-metric spaces and n-inner
product spaces, see for example, [18], [11] and [13]. In 2002, Branciari [5]
obtained a fixed point theorem for a single mapping satisfying an analogue of
a Banach contraction principle for integral type inequality [4].

After the paper of Branciari, a lot of research works have been carried
out on generalizing contractive conditions of integral type for different
contractive mappings satisfying some properties, see for example, [1, 3, 4,
12, 14, 19, 16]. The aim of this paper is to transform the concept of fixed
point in n-Banach spaces into fixed point in n-Banach spaces of integral type

by using known contractive type mapping.
We recall some preliminary definitions.

Definition 1.1 [10]. Let n be a natural number, let X be a real vector

space of dimension d > n (d may be infinity). A real valued function

|+ s || on X" satisfying four properties:

@) | x{» ., x, || =0 if and only if x, ..., x, are linearly dependent
X,
(i) | xq, ... x,, || is invariant under permutation of x|, x,, ..., x,,
(i) || 1, vy X1, 0, || =] ]| X1 oo X1, X, | fOrevery o € R,

(V) | x5 coos Xpets Y+ 2| S| X105 voor Xppeps Y | + | X15 wor X1, 2| for all
yand z in X; is called an n-norm over X and the pair (X, |-, ..., -||) is called a

linear n-normed space.
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Example 1.1 [13]. Let X = R" with the norm ||+, ..., - || on X by
X1 X2 0t X
Xp1 Xpp vt X
v =g =0 70 70 T
Xnl Xn2 0 Xpn
where x; = X1, X;2, ..., Xj € R" foreach i =1, 2, .., n. Then (X, |-, ..., -|)

is a linear n-normed space.

Definition 1.2 [10]. A sequence x; in an n-normed space (X, |-, ..., -|)
is said to comverge to an element x € X (in the m-norm) whenever

lim | uy, ... u,_q, x5 — x|| = 0 forevery uy, ..., u,_; € X.
k—o0

Definition 1.3 [19]. A sequence x; in an n-normed space (X, |-, ..., -|)

is said to be Cauchy sequence with respect to n-norm if lim || uy, ..., u,_1,
k—oo

x; —x | =0 forevery uy, ..., u,_; € X.

Definition 1.4 [10]. If every Cauchy sequence in X converges to an
element x € X, then X is said to be complete (with respect to the n-norm). A

complete n-normed space is called an n-Banach space.

Definition 1.5 [10]. Let X be an n-Banach space and 7 be a self mapping

of X. T is said to be continuous at x if for every sequence x; in X, x; — x

as k — o implies Tx; — Tx as k — o in X.

2. Main Results

Before starting the main results, first we write the following definition:

Definition 2.1 [2]. ¢ : [0, +o] — [0, +o] is subadditive on each [a, b]
c [0, +o0) if,

J0a+b o(t)dt < J: o(t)dt + I(f o(t)dt.
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Theorem 2.1. Let f be a self mapping of n-Banach space X such that

'[ fj(—fy, Ul Uy H

. o(t)dt

| x=y,upyestiy_1 || | x= s, upy eyttt ||| v = S5 a5 eees i1 |
<a j " o(r)dt + B j ’ " o) dt
0 0

H x=fy,ug, ..., Up—1 H+H y=Jr,up, .., Up—1 H
+ yJ.

. o(r)dt 2.1

for each x, y, uy, ..., u,_; € X with non negative reals o +2p + 2y <1,
where ¢ : [0, +o0] — [0, +o0] is a Lebesgue integrable mapping which is

summable, subadditive on each [a, b] < [0, +o], non-negative and for each
€
£>0, I (0)di > 0. 2.2)

Then f has a unique fixed point in X, with lim kao =z foreach x, € X.
k—o
Proof. Let x, € X, and define the iterate sequence x; by

et = S = £ x (2.3)

Then by (2.1) and (2.3), we get

| 0 =Xpe 15015 st |
| "o
0
| feke—1=feies g eees 1 | | -1 =xk w1 sty |
= j " e(t)dr < a j " () dr
0 0
o0k = f =1 415 oo g [+ X = Sy 015 ety ||
+B J. ! " o(t)dt
0
k=1 = s vy ooy g [ ke = fig—1s 015 sty ||
| ' ")
0
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S(a+B+ﬂij1—ﬁwbm%11¢Oﬁ#

1-B-v))o
| Xf—1 =X s eees thyy 1 |
:J‘klkl nl(p(t)dt,
0
where
_ a+B+y)
I (I—B—v ’
for each k and for uy, ..., u,,_; € X.

Proceeding in this way, we have

ok =g =120t | | Xk—2 =xk—1,000, s 1 |
Io " (Mﬂdtqujo " o(t)dt
| Xo =1, 15 s tiy—1 ||
<. < q”JO " o(t)dt,
where
o+p+y
=— L <.

R

If m > k, for uy, ..., u,_; € X, we get

| Xg = X5 15 ees 11 |
J‘ m> Y] n—1 (p([)dt

0

| Xk =15 tt15ees 1 || | X1 = X425 15 ees U1 |
<1, o(?) + . o(?)

o(?)

I | X1 =Xms 15 ees 1 ||
0

o X=X ug ey |
< (qk + qk+1 ot g" I)Io " o(2)dt
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g | Xo =21, 15 eesttyyq |
qu(1+q+q2+---+qm k 1).[0 b nl (p(t)dt

q* J‘ Xo =], Upsoesy U] |

< 4 t)dt > o as k — o,
=) o(?)

That means x;, is a Cauchy sequence in X, and let lim x; =z € X.
k—o

Again for uy, ..., u,_; € X, we have

| Xjea1=SZ> s oeor thyy—1 ||
J‘ +1 1o Up—] o(t)dr
0
| fe = Sz gty | | Xk =2, 15 sty |
- j " o(r)de < aI " () dt
0 0
Xfe = Xfe—1s U]sees Uy_1 || 2= S2, 15 oo thyy—
+Bjok 1o Uls s U1 [+ 1 an(p(t)dt
s “/J | xk = fzsug syt g 4] 2= g 15 01ty | o(0)dt,
0
taking limit as & — oo, we have
H Z_fz5u1""5un71 H H Z_fz’ul’“wunfl H
I, odi < @ +7)f olt)d,

. .. —JZ, Uy Uy
since B+ 7 <1, we get a contradiction, therefore I (‘lz Pttt lH(p(z‘)dt

=0, by using (2.2), we obtain that z = fz and z is a fixed point of f, where

lim f k x, = z for each x, € X. To prove the uniqueness of z, suppose that
k—o

(w # z) be another fixed point of £, then from (2.1), we get

J H Z=W, U], Uy H

. o(t)dt

H Je—fwoug, ey H H Z=W, Uy, Up—] H
3| ' o " o(0di
0

. o(t) <
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I |2 oottt | W vttty |
<p

. o(t)dt

| 2= fw, u,s sty [+ WSz, 0y, sty |
+ yj o(2)dt
0

| z=w,up, sty |

< (o + 2y)IO o(r)dt

=W, Uy s U1 ||

since o + 2y < 1, we get a contradiction, therefore _[ (‘)‘ : o(t)dt

= (0, by using (2.2), we obtain that z = w. Therefore, z is a unique fixed

point of f.

Remark 2.1. (i) On setting ¢(¢) = 1 over R™, the contractive condition

of integral type transforms into a general contractive condition not involving
integral.

(i) From Condition 2.1 of integral type several contractive mappings of
integral type can be obtained.

Now, our next theorem is the extension of Theorem 2.1 for a pair of
mappings.

Theorem 2.2. Let f and g be self mappings of n-Banach space X
satisfying for all wy, ..., u,_1 € X,

Sfe—gy up, ..ty
J' 1 1 o0)dr

0

| x=pugs sttt |
< ocI " () dt
0

o= e,y ooyt || y =gy tags st |
+ BI

. o(r)dt

X—=gV U], eer iy ||+ y— S up, s 1ty
+yJ~ 1o i1 ] 15 Uy lH(p(l‘)dl‘ (2.4)

0
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for each x, y, uy, ..., u,_; € X with non negative reals o +2p + 2y <1,

where ¢ : [0, +o0] — [0, +o0] is a Lebesgue integrable mapping which is
summable, subadditive on each [a, b] < [0, +x], non-negative and for each

£>0, j(fq)(t)dt > 0.

Then f and g have a unique fixed point in X, with lim kao =z for

k—o
each x, € X.

Proof. Let x, € X, and define the iterate sequence x; by

Xok+1 = S and Xpp 0 = gXp 4
Then by (2.4), we have

| X2 1= X242 1 wees 1 |
J " () dt
0

| ook =Xk 415 U5 s i1 || | X2k =224 415 th15 oo 1 |
= J " o(t)dr < o j " o(t)dt
0 0

| %2k =X2k4 15 g5 s gy [+l X2k 1= X2k 425 15 st |
+ BJ ! " () dr
0

| %2k =X2k425 s coos iyt [+ X2kt =X2k415 15 sty |
+yf o(t)dt,
0
by the simple calculation, we get

| X2k1 =Xk 425 U1 s ees g1 ||
J ooy
0

o+p+ | X2k =X2k 415Ut wvos 1 |
S(l—g—;{jjo e
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by exactly the same argument we produce

| X2k —1=%24 s 1415 ees thyp—1 ||

[ %2k =X )15 Ulswees i1 |
[t ggan < o o),
forall x, y, uy, ..., u,_1 € X and for all k, we get
| Xk =Xk 15 U1 s i1 |l | Xp—1=Xp> s eees thyy 1 |
IO +1> U1 n—1 (p(t)dtSqJ.O 1 1 n—1 (I)(t)dt
| X —2 =Xk _1su1sertiy—1 ||
< 2J‘0 2 1.4 nl(p(l‘)dt

| Xo =151, s tiy—1 |

< "o,
0

by the same steps of Theorem 2.1, one can reach to conclude that x; is a

Cauchy in X, and let lim x; =z € X.
k—o0

Now, for uy, ..., u,_1 € X, by (2.4), we have

H X2 k+1—82, Ul Uy H
| "ol
0
| feok =gz, ugs e tty—1 | | X2k =2, 1415 e ttyy1 |
= I o(t)dt < aI o(t)dt
0 0
| X2k =Xk 115 1 oo 1 4] 2=g2, 1415 st 1 ||
+ BJ‘ n n ([)(t)dt
0
| X2k =gz, us ety ||+ 2= X2 415 U1 et ||
il o(0)d.
0
Taking the limit as £ — oo, gives
| z—gz,up, e ttyy1 | | z—gz,up, sty |
J, o)dr < @ +7)f olt)dt,
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since B+vy<1) we get L‘)‘ 2R et | o(t)dt = 0, using (2.2), we

conclude that z = gz. Similarly, we can show that z = fz, and hence z is a

common fixed point of fand g.

Next, suppose that (w # z) is another common fixed point of f and g,

then from (2.4), we get

| z=w,up, sty |
j 1 n-1 (p(l)dt
0
| f2—gw,up,.uy_q | | z=w, 1, .yt |
:J' 1o ] (p(t)éocj. 1o ] o(0)di
0 0
< J 2= fo sty [+ Wmgw sy Hq)(t)dt
0
| z—gw,ug, sty |+] W= frsups sty |
+ Y-[o ! " ()t
| z=wsug, oy |
<(a+ 2y)IO o(1)dt,

— WUy U1 ||

since o + 2y < 1, we get a contradiction, therefore I (‘)‘ : o(t)dt

= 0, by using (2.2), we obtain that z = w. Therefore, z is a unique common
fixed point of fand g. The proof is complete.

Finally, we extend the result for a sequence of mappings.

Theorem 2.3. Let X be n-Banach space with f : X — X and f; : X

— X, be a sequence of mappings such that
(1)

JrX =Sy, gy ety
J' KXY Ul s U 1H(p(t)dt

0
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| x=y,u1s.cstty 1 |
< aJ. P () dt
0
| x= frx, gy s ttyy_q | H Y= Sy thgseees ttyp_1 ||
+BJ‘ 1 n—1 1 n—1 (p(t)dt
0
X—=fr Y il ey Uy 1 ||F| Y= S 001, ees thyy
+YJ 1o p—1 [ 4] 1o Up IH(p(t)dt, 25)
0

(1) lim fix = fx foreach x € X,
k—o0

for each x, y,uy, ..., u,_1 € X with non negative reals o + 23 + 2y <1,

where @ : [0, +o0] — [0, +o0] is a Lebesgue integrable mapping which is

summable, subadditive on each |[a, b] < [0, +o], non-negative and for

each € > 0, _[g(p(t)dt > 0. Then f has a unique fixed point in X, such that

lim z; = z, z; being the unique fixed point of f., k =1, 2, .....
k—o

Proof. If we take the limit in (2.5), we have

So—fug, ety
J‘O = f3, 1ty ees U IH(p(t)dt

H X=Y, U, Up—] H
< aI " () dt
0

H x_ﬁcaul"">u -1 H+H y_ﬁ/’ula""u -1 H
+Bf ' "o
0

H x_fy’uh“"un—l H+H y=Jx, Ul Uy H
+ yJ. o(2)dt
0

for all x, y, uy, ..., u,,_; € X and hence f'satisfies (2.1). Hence by Theorem

2.1, fhas a unique fixed point say z € X. Now forall uy, ..., u,,_ € X
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I z—zp, uys s ttyyq |
.[0 1 n—1 (p(t)dt

S22 s U] s ees Uy
" Z=Jk%k-" IH (I)l
0

ThZ=SIZh s U] 5 -ver Upp—

H kZ—JkZk>" an (t) ‘) ()

JZ— fhZs U]y eey Upy
SI 2= [k 25Uy 5 s Uy lq)(t)dt+j()

0
again from (2.5), we obtain
I ficz= frczis t1s-or th—1 |
J " o(n)at
0
| 2=z, ups sty |
< O‘I " () dt
0
| 2= frzottgs ooty |+ 2k = izt eees i1 |
’ ! o(t)dt

+ BIO

I 2= fzs 15 ees i1 |+ 2k = ficzs 415 et —1 |
o(t)dt,

[
0

then, by the condition (ii) of this theorem and taking the limit as £ — o, we

get

JhZ= 12l s Ul s eees Upy—
J' Kz = JiZk > 15 iy IH(p(t)dt
0

I z—zp 15 eeestty—q | | 2= frz, gy s thyy_q ||

Saj ot (p(t)dt-i—BI AT o) de
0 0

lz=zg syt [+ 2k = Sz 015 oo 1 |
" " ()t (2.7)

+
ap

from (2.7) in (2.6), we have

| 2=z, ups e thy_q |
J‘ 1 n-1 (p(t)dl
0
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| 2= ficzic, sttt || | 2= ficz, s eestty_1 ||
:J' k<k-U1 nl(p(t)dtSJ. k 1 nl(p(l‘)dt
0 0
| z=zg, 15 mes iy | | z= ficzs gy eeer tiyy—1 ||
aI A oy dr + BIO KAt o) de
N yJ.O Z=Zf U]y Uy H+H Zk—sz, Ul Uy H (P(Z)dt
Lop IS |
<|__-TP
_(1—G—Y)I0 o(t)dt
y | 25— fiezo s oestt 1 |
=) o(r)d.

So, by condition (ii) of this theorem, we get a contradiction, therefore

_[ 2= 2 s i |

. o(t)dt <0, as k — oo,

So, by (2.2), we get lim z; = z (this completes the proof).
k—o0

Remark 2.2. The results in this paper also hold for contractive mappings
of integral type in 2-Banach spaces.
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