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Abstract 

In this paper, we present some common fixed point theorems for    
class of mappings satisfying contractive condition of integral type in 
n-Banach spaces. Our results are version of some known results. 

1. Introduction 

In [8, 9], Gähler introduced an attractive theory of 2-norm and n-norm on 
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a linear space. Freese and Cho [7] gave as a survey of the latest results on the 
relations between linear 2-normed spaces and normed linear spaces and 
completion of linear 2-normed spaces. Later on Misiak [18] had also 
developed the notion of an n-norm in 1989. The concept on n-inner product 
spaces is also due to Misiak who had studied the same as early as 1980: 
spaces. A systematic development of linear n-normed spaces has been 
extensively made by Kim and Cho [15] and Malceski [17], Misiak [18] and 
Ganawan and Mashadi [13]. For related works of n-metric spaces and n-inner 
product spaces, see for example, [18], [11] and [13]. In 2002, Branciari [5] 
obtained a fixed point theorem for a single mapping satisfying an analogue of 
a Banach contraction principle for integral type inequality [4]. 

After the paper of Branciari, a lot of research works have been carried 
out on generalizing contractive conditions of integral type for different 
contractive mappings satisfying some properties, see for example, [1, 3, 4, 
12, 14, 19, 16]. The aim of this paper is to transform the concept of fixed 
point in n-Banach spaces into fixed point in n-Banach spaces of integral type 
by using known contractive type mapping. 

We recall some preliminary definitions. 

Definition 1.1 [10]. Let n be a natural number, let X be a real vector 
space of dimension nd ≥  (d may be infinity). A real valued function 

⋅⋅ ...,,  on nX  satisfying four properties: 

  (i) 0...,,1 =nxx  if and only if nxx ...,,1  are linearly dependent      

in X, 

 (ii) nxx ...,,1  is invariant under permutation of ,...,,, 21 nxxx  

(iii) nnnn xxxxxx ,...,,,...,, 1111 −− α=α  for every ,R∈α  

(iv) zxxyxxzyxx nnn ,...,,,...,,,...,, 111111 −−− +≤+  for all 

y and z in X, is called an n-norm over X and the pair ( )⋅⋅ ...,,,X  is called a 

linear n-normed space. 
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Example 1.1 [13]. Let nRX =  with the norm ⋅⋅ ...,,  on X by 
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where n
iniii Rxxxx ∈= ...,,, 21  for each ....,,2,1 ni =  Then ( )⋅⋅ ...,,,X  

is a linear n-normed space. 

Definition 1.2 [10]. A sequence kx  in an n-normed space ( )⋅⋅ ...,,,X  

is said to converge to an element Xx ∈  (in the n-norm) whenever 
0,...,,lim 11 =−−

∞→
xxuu kn

k
 for every ....,, 11 Xuu n ∈−  

Definition 1.3 [19]. A sequence kx  in an n-normed space ( )⋅⋅ ...,,,X  

is said to be Cauchy sequence with respect to n-norm if ,...,,lim 11 −
∞→

n
k

uu  

0=− xxk  for every ....,, 11 Xuu n ∈−  

Definition 1.4 [10]. If every Cauchy sequence in X converges to an 
element ,Xx ∈  then X is said to be complete (with respect to the n-norm). A 
complete n-normed space is called an n-Banach space. 

Definition 1.5 [10]. Let X be an n-Banach space and T be a self mapping 
of X. T is said to be continuous at x if for every sequence kx  in X, xxk →  

as ∞→k  implies TxTxk →  as ∞→k  in X. 

2. Main Results 

Before starting the main results, first we write the following definition: 

Definition 2.1 [2]. [ ] [ ]∞+→∞+ϕ ,0,0:  is subadditive on each [ ]ba,  

[ )∞+⊂ ,0  if, 

( ) ( ) ( )∫ ∫ ∫
+

ϕ+ϕ≤ϕ
ba a b

dttdttdtt
0 0 0

.  
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Theorem 2.1. Let f be a self mapping of n-Banach space X such that 

( )∫
−−

ϕ
11 ...,,,

0

nuufyfx
dtt  

( ) ( )∫ ∫
− −−− −+−

ϕβ+ϕα≤
11 1111...,,,

0

...,,,...,,,

0

n nnuuyx uufyyuufxx
dttdtt  

( )∫
−− −+−

ϕγ+
1111 ...,,,...,,,

0

nn uufxyuufyx
dtt  (2.1) 

for each Xuuyx n ∈−11 ...,,,,  with non negative reals ,122 <γ+β+α  

where [ ] [ ]∞+→∞+ϕ ,0,0:  is a Lebesgue integrable mapping which is 

summable, subadditive on each [ ] [ ],,0, ∞+⊂ba  non-negative and for each 

( )∫
ε

>ϕ>ε
0

.0,0 dtt  (2.2) 

Then f has a unique fixed point in X, with zxf k
k

=
∞→

lim  for each .Xx ∈  

Proof. Let ,Xx ∈  and define the iterate sequence kx  by 

.1
1 xffxx k

kk
+

+ ==  (2.3) 

Then by (2.1) and (2.3), we get 

( )∫
−−−

ϕ
111 ...,,,

0

nkk uuxx
dtt  

( ) ( )∫ ∫
−− −−− −

ϕα≤ϕ=
111 111...,,,

0

...,,,

0

nkk nkkuufxfx uuxx
dttdtt  

( )∫
−−−− −+−

ϕβ+
111111 ...,,,...,,,

0

nkknkk uufxxuufxx
dtt  

( )∫
−−−− −+−

ϕγ+
111111 ...,,,...,,,

0

nkknkk uufxxuufxx
dtt  
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( )∫
−− −

ϕ






γ−β−
γ+β+α≤

111 ...,,,

01
nkk uuxx

dtt  

( )∫
−− −

ϕ=
111 ...,,,

0
,

nkk uuxx
dttq  

where 

,1 






γ−β−
γ+β+α=q  

for each k and for ....,, 11 Xuu n ∈−  

Proceeding in this way, we have 

( ) ( )∫ ∫
−− −−−− −

ϕ≤ϕ
111 1112...,,,

0

...,,,

0
2nkk nkkuuxx uuxx

dttqdtt  

( )∫
−−

ϕ≤≤
111 ...,,,

0
,

nuuxxn dttq  

where 

.11 <
γ−β−
γ+β+α=q  

If ,km >  for ,...,, 11 Xuu n ∈−  we get 

( )∫
−−

ϕ
11 ...,,,

0

nmk uuxx
dtt  

( ) ( )∫ ∫
−+ −++− −

ϕ+ϕ≤
111 1121...,,,

0

...,,,

0

nkk nkkuuxx uuxx
tt  

( )∫
−− −

ϕ++
111 ...,,,

0

nmm uuxx
t  

( ) ( )∫
−−−+ ϕ+++≤

111 ...,,,

0
11 nuuxxmkk dttqqq  
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( ) ( )∫
−−−− ϕ++++≤

111 ...,,,

0
121

nuuxxkmk dttqqqq  

( )∫
−−

∞→∞→ϕ
−

≤
111 ...,,,

0
.as1

nuuxxk
kdttq

q  

That means kx  is a Cauchy sequence in X, and let .lim Xzxk
k

∈=
∞→

 

Again for ,...,, 11 Xuu n ∈−  we have 

( )∫
−+ −

ϕ
111 ...,,,

0

nk uufzx
dtt  

( ) ( )∫ ∫
− −− −

ϕα≤ϕ=
11 11...,,,

0

...,,,

0

nk nkuufzfx uuzx
dttdtt  

( )∫
−−− −+−

ϕβ+
11111 ...,,,...,,,

0

nnkk uufzzuuxx
dtt  

( )∫
−+− −+−

ϕγ+
11111 ...,,,...,,,

0
,

nknk uuxzuufzx
dtt  

taking limit as ,∞→k  we have 

( ) ( ) ( )∫ ∫
− −− −

ϕγ+β≤ϕ
11 11...,,,

0

...,,,

0
,

n nuufzz uufzz
dttdtt  

since ,1<γ+β  we get a contradiction, therefore ( )∫ −−
ϕ11 ...,,,

0
nuufzz

dtt  

,0=  by using (2.2), we obtain that fzz =  and z is a fixed point of f, where 

zxf k
k

=
∞→

lim  for each .Xx ∈  To prove the uniqueness of z, suppose that 

( )zw ≠  be another fixed point of f, then from (2.1), we get 

( )∫
−−

ϕ
11 ...,,,

0

nuuwz
dtt  

( ) ( )∫ ∫
− −− −

ϕα≤ϕ=
11 11...,,,

0

...,,,

0

n nuufwfz uuwz
dttt  
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( )∫
−− −+−

ϕβ≤
1111 ...,,,...,,,

0

nn uufwwuufzz
dtt  

( )∫
−− −+−

ϕγ+
1111 ...,,,...,,,

0

nn uufzwuufwz
dtt  

( ) ( )∫
−−

ϕγ+α≤
11 ...,,,

0
2

nuuwz
dtt  

since ,12 <γ+α  we get a contradiction, therefore ( )∫ −−
ϕ11 ...,,,

0
nuuwz

dtt  

,0=  by using (2.2), we obtain that .wz =  Therefore, z is a unique fixed 
point of f. 

Remark 2.1. (i) On setting ( ) 1=ϕ t  over ,+R  the contractive condition 

of integral type transforms into a general contractive condition not involving 
integral. 

(ii) From Condition 2.1 of integral type several contractive mappings of 
integral type can be obtained. 

Now, our next theorem is the extension of Theorem 2.1 for a pair of 
mappings. 

Theorem 2.2. Let f and g be self mappings of n-Banach space X 
satisfying for all ,...,, 11 Xuu n ∈−  

( )∫
−−

ϕ
11 ...,,,

0

nuugyfx
dtt  

( )∫
−−

ϕα≤
11 ...,,,

0

nuuyx
dtt  

( )∫
−− −+−

ϕβ+
1111 ...,,,...,,,

0

nn uugyyuufxx
dtt  

( )∫
−− −+−

ϕγ+
1111 ...,,,...,,,

0

nn uufxyuugyx
dtt  (2.4) 



R. A. Rashwan and H. A. Hammad 8 

for each Xuuyx n ∈−11 ...,,,,  with non negative reals ,122 <γ+β+α  

where [ ] [ ]∞+→∞+ϕ ,0,0:  is a Lebesgue integrable mapping which is 

summable, subadditive on each [ ] [ ],,0, ∞+⊂ba  non-negative and for each 

( )∫
ε

>ϕ>ε
0

.0,0 dtt  

Then f and g have a unique fixed point in X, with zxf k
k

=
∞→

lim  for 

each .Xx ∈  

Proof. Let ,Xx ∈  and define the iterate sequence kx  by 

kk fxx =+12  and .122 ++ = kk gxx  

Then by (2.4), we have 

( )∫
−++ −

ϕ
112212 ...,,,

0

nkk uuxx
dtt  

( ) ( )∫ ∫
−+ −+− −

ϕα≤ϕ=
1112 11122...,,,

0

...,,,

0

nkk nkkuugxfx uuxx
dttdtt  

( )∫
−++−+ −+−

ϕβ+
11221211122 ...,,,...,,,

0

nkknkk uuxxuuxx
dtt  

( )∫
−++−+ −+−

ϕγ+
11121211222 ...,,,...,,,

0
,

nkknkk uuxxuuxx
dtt  

by the simple calculation, we get 

( )∫
−++ −

ϕ
112212 ...,,,

0

nkk uuxx
dtt  

( )∫
−+−

ϕ






γ−β−
γ+β+α≤

11122 ...,,,

0
,1

nkk uuxx
dtt  
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by exactly the same argument we produce 

( ) ( )∫ ∫
−+ −−− −

ϕ≤ϕ
11122 11212...,,,

0

...,,,

0
,

nkk nkkuuxx uuxx
dttqdtt  

for all Xuuyx n ∈−11 ...,,,,  and for all k, we get 

( ) ( )∫ ∫
−+ −−− −

ϕ≤ϕ
111 111...,,,

0

...,,,

0

nkk nkkuuxx uuxx
dttqdtt  

( )∫
−−− −

ϕ≤
1112 ...,,,

0
2 nkk uuxx

dttq  

( )∫
−−

ϕ≤
111 ...,,,

0
,

nuuxxk dttq  

by the same steps of Theorem 2.1, one can reach to conclude that kx  is a 

Cauchy in X, and let .lim Xzxk
k

∈=
∞→

 

Now, for ,...,, 11 Xuu n ∈−  by (2.4), we have 

( )∫
−+ −

ϕ
1112 ...,,,

0

nk uugzx
dtt  

( ) ( )∫ ∫
− −− −

ϕα≤ϕ=
112 112...,,,

0

...,,,

0

nk nkuugzfx uuzx
dttdtt  

( )∫
−−+ −+−

ϕβ+
1111122 ...,,,...,,,

0

nnkk uugzzuuxx
dtt  

( )∫
−+− −+−

ϕγ+
1112112 ...,,,...,,,

0
.

nknk uuxzuugzx
dtt  

Taking the limit as ,∞→k  gives 

( ) ( ) ( )∫ ∫
− −− −

ϕγ+β≤ϕ
11 11...,,,

0

...,,,

0
,

n nuugzz uugzz
dttdtt  
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since ( )1<γ+β  we get ( )∫ −−
=ϕ11 ...,,,

0
,0nuugzz

dtt  using (2.2), we 

conclude that .gzz =  Similarly, we can show that ,fzz =  and hence z is a 

common fixed point of f and g. 

Next, suppose that ( )zw ≠  is another common fixed point of f and g, 

then from (2.4), we get 

( )∫
−−

ϕ
11 ...,,,

0

nuuwz
dtt  

( ) ( )∫ ∫
− −− −

ϕα≤ϕ=
11 11...,,,

0

...,,,

0

n nuugwfz uuwz
dttt  

( )∫
−− −+−

ϕβ≤
1111 ...,,,...,,,

0

nn uugwwuufzz
dtt  

( )∫
−− −+−

ϕγ+
1111 ...,,,...,,,

0

nn uufzwuugwz
dtt  

( ) ( )∫
−−

ϕγ+α≤
11 ...,,,

0
,2

nuuwz
dtt  

since ,12 <γ+α  we get a contradiction, therefore ( )∫ −−
ϕ11 ...,,,

0
nuuwz

dtt  

,0=  by using (2.2), we obtain that .wz =  Therefore, z is a unique common 

fixed point of f and g. The proof is complete. 

Finally, we extend the result for a sequence of mappings. 

Theorem 2.3. Let X be n-Banach space with XXf →:  and Xfk :  

,X→  be a sequence of mappings such that 

(i)  

( )∫
−−

ϕ
11 ...,,,

0

nkk uuyfxf
dtt  
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( )∫
−−

ϕα≤
11 ...,,,

0

nuuyx
dtt  

( )∫
−− −+−

ϕβ+
1111 ...,,,...,,,

0

nknk uuyfyuuxfx
dtt  

( )∫
−− −+−

ϕγ+
1111 ...,,,...,,,

0
,

nknk uuxfyuuyfx
dtt  (2.5) 

(ii) fxxfk
k

=
∞→

lim  for each ,Xx ∈  

for each Xuuyx n ∈−11 ...,,,,  with non negative reals ,122 <γ+β+α  

where [ ] [ ]∞+→∞+ϕ ,0,0:  is a Lebesgue integrable mapping which is 

summable, subadditive on each [ ] [ ],,0, ∞+⊂ba  non-negative and for         

each ,0>ε  ( )∫
ε

>ϕ
0

.0dtt  Then f has a unique fixed point in X, such that 

kk
k

zzz ,lim =
∞→

 being the unique fixed point of .....,2,1, =kfk  

Proof. If we take the limit in (2.5), we have 

( )∫
−−

ϕ
11 ...,,,

0

nuufyfx
dtt  

( )∫
−−

ϕα≤
11 ...,,,

0

nuuyx
dtt  

( )∫
−− −+−

ϕβ+
1111 ...,,,...,,,

0

nn uufyyuufxx
dtt  

( )∫
−− −+−

ϕγ+
1111 ...,,,...,,,

0

nn uufxyuufyx
dtt  

for all Xuuyx n ∈−11 ...,,,,  and hence f satisfies (2.1). Hence by Theorem 

2.1, f has a unique fixed point say .Xz ∈  Now for all Xuu n ∈−11 ...,,  
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( )∫
−−

ϕ
11 ...,,,

0

nk uuzz
dtt  

( )∫
−−

ϕ=
11 ...,,,

0

nkk uuzffz
dtt  

( ) ( )∫ ∫
− −− −

ϕ+ϕ≤
11 11...,,,

0

...,,,

0
,

nk nkkkuuzffz uuzfzf
dttdtt  (2.6) 

again from (2.5), we obtain 

( )∫
−−

ϕ
11 ...,,,

0

nkkk uuzfzf
dtt  

( )∫
−−

ϕα≤
11 ...,,,

0

nk uuzz
dtt  

( )∫
−− −+−

ϕβ+
1111 ...,,,...,,,

0

nkkknk uuzfzuuzfz
dtt  

( )∫
−− −+−

ϕγ+
1111 ...,,,...,,,

0
,

nkknkk uuzfzuuzfz
dtt  

then, by the condition (ii) of this theorem and taking the limit as ,∞→k  we 

get 

( )∫
−−

ϕ
11 ...,,,

0

nkkk uuzfzf
dtt  

( ) ( )∫ ∫
− −− −

ϕβ+ϕα≤
11 11...,,,

0

...,,,

0

nk nkuuzz uuzfz
dttdtt  

( )∫
−− −+−

ϕγ+
1111 ...,,,...,,,

0
,

nkknk uuzfzuuzz
dtt  (2.7) 

from (2.7) in (2.6), we have 

( )∫
−−

ϕ
11 ...,,,

0

nk uuzz
dtt  
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( ) ( )∫ ∫
− −− −

ϕ≤ϕ=
11 11...,,,

0

...,,,

0

nkk nkuuzffz uuzffz
dttdtt  

( ) ( )∫ ∫
− −− −

ϕβ+ϕα+
11 11...,,,

0

...,,,

0

nk nkuuzz uuzfz
dttdtt  

( )∫
−− −+−

ϕγ+
1111 ...,,,...,,,

0

nkknk uuzfzuuzz
dtt  

( )∫
−−

ϕ






γ−α−
β+≤

11 ...,,,

01
1 nk uuzfz

dtt  

( )∫
−−

ϕ






γ−α−
γ+

11 ...,,,

0
.1

nkk uuzfz
dtt  

So, by condition (ii) of this theorem, we get a contradiction, therefore 

( )∫
−−

≤ϕ
11 ...,,,

0
,0

nk uuzz
dtt  as .∞→k  

So, by (2.2), we get zzk
k

=
∞→

lim  (this completes the proof). 

Remark 2.2. The results in this paper also hold for contractive mappings 
of integral type in 2-Banach spaces. 
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